This paper considers a wage contract design problem faced by an employer (he) who employs an employee (she) to work for him in labor market. Since the employee's ability that affects the productivity is her private information and cannot be observed by the employer, it can be characterized as an uncertain variable. Moreover, the employee's effort is unobservable to the employer, and the employee can select her effort level to maximize her utility. Thus, an uncertain wage contract model with adverse selection and moral hazard is established to maximize the employer's expected profit. And the model analysis mainly focuses on the equivalent form of the proposed wage contract model and the optimal solution to this form. The optimal solution indicates that both the employee's effort level and the wage increase with the employee's ability. Lastly, a numerical example is given to illustrate the effectiveness of the proposed model.
Introduction
Wage mechanism design problem is important for the employer, which is related to the development of the firm the employer owns. An efficient wage payment mechanism can incentivize the employee to work hard and bring greater profit for the employer. This paper investigates the employment relationship between the employer and his employee, in which the employee has private information on her ability that is closely related to the employer's productivity. Furthermore, the effort of the employee which also influences the employer's productivity is unobservable to the employer. Thus, the wage mechanism design problem is studied under this environment.
In real life, many problems can be analyzed by principalagent theory. In the initial research of the principal-agent problems, adverse selection and moral hazard are often separable. Myerson [1] established a principal-agent model with adverse selection only, and Grossman and Hart [2] investigated the principal-agent problem under moral hazard. Later, Page [3] studied the optimal contract mechanism for principal-agent problem with adverse selection and moral hazard. In recent years, principal-agent theory has been applied to other research fields. For instance,Özer and Raz [4] considered supply chain sourcing under asymmetric information, and Lan et al. [5] studied multifirm regulation problem applying principal-agent theory.
Most literature on wage contract design problem described the involving of uncertain information as random variable. For instance, Greenwald [6] studied adverse selection problem in labor market; Chen [7] presented wage contract for salespeople under adverse selection and moral hazard; these wage contracts were designed under random environment. However, in practice, due to the paucity of the historical data about the private information which cannot be exactly described in advance, the frequency cannot be known for the participator. Therefore, probability theory is no longer appropriate to characterize this kind of private information; this is because the probability distribution of the private information cannot be estimated from the frequency for the lack of it. In addition, Liu [8] alleged that probability theory may give rise to counterintuitive results in this situation. As a result, a new approach, based on the experts' subjective judgment, called uncertainty theory [9] , was proposed. Since then uncertain theory has become a powerful mathematical tool to handle various issues under incomplete information, for instance, uncertain control [10] , uncertain differential equation [11] , uncertain programming [12] [13] [14] [15] [16] , uncertain principal-agent [17] [18] [19] , uncertain random programming [20] , and so forth. For more details on uncertainty theory, the interested reader can refer to Liu [20, 21] . Applying uncertainty theory, Wang et al. [22] and Mu et al. [23] provided uncertain wage contract models with adverse selection only. However, the uncertain wage contract design problem with adverse selection and moral hazard has not been together examined in the existing literature.
This paper investigates an uncertain wage contract design problem with adverse selection and moral hazard in labor market. The ability of the employee is her private information, which is unknown to the employer, and he can only take a personal assessment. Thus, considering this unknown parameter as an uncertain variable is more reasonable rather than a random variable. Moreover, the employee's effort level that she expends on her work is unobservable, and she can choose an appropriate effort level to maximize her utility. Then an uncertain wage contract model is established to maximize the expected profit of the employer. The crisp equivalent model is presented and the optimal solution is obtained. The results show that if the ability of the employee is higher, the effort level that the employee is willing to pay is higher and the wage paid by the employer is higher; that is, with the increase of the employee's ability, both the employee's effort level and her wage increase.
The remainder of this paper is arranged as follows. Section 2 reviews some basic concepts about uncertain variables. Section 3 presents the uncertain wage contract model in the presence of adverse selection and moral hazard. Section 4 provides the equivalent form of the model and obtains the optimal solution of the equivalent model by variational method. Section 5 presents a numerical example to testify the effectiveness of the proposed model. Section 6 summarizes the main conclusions of this paper.
Preliminaries
Uncertain theory was founded by Liu [9] and has become a branch of axiomatic mathematics. Nowadays, more and more researchers pay attention to uncertain theory. Let Γ be a nonempty set, and let L be a -algebra of Γ. Each element Λ in L is called an event. The triplet (Γ, L, M) is called an uncertain space. Uncertain measure is a set function defined on Γ and satisfies the following four axioms.
Axiom 1 (normality axiom). M(Γ) = 1 for the universal set Γ.
Axiom 2 (duality axiom). M(Λ) + M(Λ ) = 1 for any event Λ.
Axiom 3 (subadditivity axiom). For every countable sequence of events Λ 1 , Λ 2 , . . ., there exists
Axiom 4 (product axiom [24] ). Let (Γ , L , M ) be uncertainty spaces for = 1, 2, . . . , . Then the product uncertain measure M defined on the product -algebra
Definition 1 (see [9] ). An uncertain variable is a measurable function from an uncertain space (Γ, L, M) to the set of real numbers.
Definition 2 (see [9] ). The uncertainty distribution Φ of an uncertain variable is defined by Φ( ) = M{ ≤ } for any real number .
Definition 3 (see [9] ). If is a measurable function and
Definition 4 (see [9] ). The expected value of uncertain variable is defined as follows:
provided that at least one of the two integrals is finite.
Lemma 5 (see [25]). Let be an uncertain variable with uncertain distribution Φ( ) and a monotone real value function; then the expected value of ( ) is
[ ( )] = ∫ +∞ −∞ ( ) dΦ ( ) .(4)
An Uncertain Wage Contract Model
In this section, we present an uncertain wage contract model in which adverse selection and moral hazard are considered simultaneously. In labor market, the employer is treated as a principal while the employee is treated as an agent, and both are risk neutral. The employee has private information about her ability, which is unknown to employer and can be characterized as an uncertain variable . The employee's effort level is unobservable to the employer, and the employer can infer from the ex post productivity. For simplicity, assume that one employer employs one employee, and let = 1 + 2 be the productivity of the employee, where 1 and 2 are positive parameters.
Before the contract is signed, the employee knows her ability , but the employer is just aware of the distribution Φ( ) of on [ , ] , where > 0. Denote ( ) = Φ ( ) and assume that ( / )((1 − Φ( ))/ ( )) < 0, which is a common condition in private information agency literature. If the employee accepts the contract, she will choose an optimal effort level to maximize her net income ( , ) = − ( ), where is the wage that the employer pays and
2 is the cost of her effort which is unknown to the employer [26, 27] ; > 0 is a known parameter. The sequence of the game is summarized as follows.
(1) Nature chooses a "type" for the employee.
(2) The employer provides a wage contract menu which is related to the employee's type. If the employee refuses the contract, the game is ended; otherwise, enter into (3).
(3) The employee reports her type then chooses an appropriate effort level to start production.
(4) The productivity is realized, the employer pays the corresponding wage to the employee, and the game is ended.
The employer is desired to design a wage contract menu ( ) = ( ) + ( ) to maximize his expected profit, where ( ) is referred to as the fixed wage, ( ) is the performance pay, ( ) is called bonus coefficient, and 0 ≤ ( ) < 1. This wage payment is often used in reality and can motivate the employee to work hard. The cost of production is assumed to be zero, and the price of the productivity is normalized to one; the employer's only cost is the wage paid; thus, the profit of the employer
The objective of the employer is to maximize his expected profit by designing a wage mechanism (⋅), subject to the employee's optimal behavior. From the Revelation Principle [28] , the employer's choice of a wage contract (⋅) is equivalent to the choice of a suitable pair of functions ( (⋅), (⋅)).
The optimal effort of the employee satisfies * ( ) ∈ arg max
which indicates that the employee can determine the optimal effort by maximizing her utility. The incentive compatible constraint of the employee should satisfy
which means the employee with ability would choose ( ( ), ( )) to maximize her utility.
The participation constraint of the employee is
where 0 ( 0 > 0) is the employee's reservation utility.
As a consequence, the uncertain wage contract model can be formulated as
Model Analysis

Equivalent Model for Uncertain Wage Contract Problem.
In this subsection, we analyze Model (9) and present its equivalent form.
Proposition 6.
The optimal effort of the employee satisfies * ( ) = 1 ( ) .
Proof. Since the second-order condition
it follows from the first-order condition ( , )/ = 0 that the optimal effort of the employee satisfies * ( ) = 1 ( ) .
The proof is complete.
The result of Proposition 6 indicates that the effort level of the employee is positively related to the bonus coefficient of the wage; that is, if the bonus coefficient is higher, the more effort the employee is willing to pay. 
In the following, the equivalent forms of the constraint conditions and the objective function of Model (13) are deduced.
Proposition 7. The incentive compatibility constraint in Model (13) is equivalent to
( ) > 0.
Proof. Let ( , ) = ( ) + (
which is the income of the employee with the ability but choose the contract ( ( ), ( )) rather than ( ( ), ( )), where , ∈ [ , ], ̸ = . For any given , the incentive compatibility constraint in Model (13) can be written as
which means that ( , ) achieves its maximal value at = . Thus, ( , ) satisfies the first-order condition
and the second-order condition
From the first-order condition, we can get
that is,
Equation (14) holds. Following the second-order condition, we have
Differentiating (19) with respect to yields
It follows from (21), (22), and 2 > 0 that
Equation (15) holds.
On the other hand, by integrating (14) and taking note of ( ) > 0, when > , we can get
hence,
that is, the incentive compatible constraint in Model (13) is satisfied when > . Similarly, the above inequality holds when < . Therefore, the incentive compatible constraint in Model (13) is satisfied for any , ∈ [ , ] . The proof of this proposition is complete.
Remark 8.
If the ability of the employee is higher, the bonus coefficient of the wage is also higher; that is, the bonus coefficient of the wage is increasing with the ability of the employee.
Proposition 9. The participation constraint in Model (13) is equivalent to
Proof. Let ( ) = ( )+( 2 1 /2 ) 2 ( )+ 2 ( ) be the income of the employee under her optimal effort level. Combining with (14), we have
that is, the income of the employee is increasing with his ability; therefore, for any ∈ [ , ], there exists
As a matter of fact, the inequality ( ) + (
( ) ≥ 0 is binding under the optimal wage contract. Because otherwise one can design a new wage mechanism
It is easy to prove that ( * ( ), ( )) is also feasible for Model (13) and
. However, under this new wage mechanism, the employer will obtain more profit; thus, the constraint ( ) + ( 
Proof. By (27) and ( ) = 0 , we can obtain
It follows from the definition of ( ) in the proof of Proposition 9 that
Substituting (32) into the objective function of Model (13) yields
2 ( ) as the profit function of the employer; we can get
Noting that ( ) > 0, 0 ≤ ( ) ≤ 1, we can obtain V ( ) ≥ 0; that is, V( ) is increasing with respect to . By Lemma 5, the objective function of Model (13) can be written as
Therefore, the proof of this proposition is complete.
Above all, the crisp equivalent form of Model (13) can be expressed as follows.
Proposition 11. Model (13) is equivalent to
Proof. It can be easily obtained according to Propositions 6-10.
Optimal Solution.
The optimal solution of the uncertain wage contract model is given in this subsection.
Proposition 12.
The optimal solution * ( ) for Model (36)
Proof. The second-order variation of the objective function of Model (36) with respect to ( ) is as follows: Journal of Applied Mathematics
It is easy to see that 2 [V( )] < 0; the optimal bonus coefficient * ( ) satisfies the first-order condition
thus,
In the following, we testify that
Corollary 13.
The optimal effort of the employee, the fixed wage, and the total wage paid by the employer are as follows:
Proof. It can be easily obtained from (10), (32), and the definition of the wage.
From the optimal solution ( * ( ), * ( ), * ( )) of Model (9), it is easy to see that the fixed wage is increasing with the employee's reservation utility while the employee's effort level and the bonus coefficient is independent of it.
Proposition 14.
The optimal effort level * ( ) of the employee, the fixed wage * ( ), and the optimal wage * ( ) satisfy the following:
Proof. Result (i) can be immediately obtained from (10) and (15) . Results (ii) and (iii) are proved as follows. It follows from (32) that
Differentiating (46) and noting
that is, * ( ) is decreasing in . Result (ii) holds. It follows from (45) that
Noting that * ( ) ≥ 0 and * ( )/ > 0, we can get * ( ) ≥ 0;
that is, * ( ) is increasing in . Result (iii) holds. The proof is complete.
This proposition shows that the fixed wage * ( ) is decreasing with the ability of the employee while the total wage * ( ) is increasing with the ability of the employee. Because the employee has private information about her ability; however, such a wage scheme would induce the employee to understate her ability in an attempt to receive higher fixed wage. To ensure that the employee does not misreport her ability, the employee must be provided with informational rents. Furthermore, to deter higher ability employees from mimicking as lower ones, higher ability employees must earn larger rents than lower ones.
Numerical Example
In this section, a numerical example is given to verify the validity of the proposed model. Let 1 = 2 = 3, = 1, and 0 = 8, and is a linear uncertain variable; the support set of it is in [1, 4] . The uncertain wage contract model can be written as
By Propositions 6-12, the optimal effort of employee and the optimal wage contract can be calculated as follows:
The profit function of the employer is
The expected profit of the employer is The net income of the employee is Figures 1 and 2 give the optimal effort * ( ) of the employee, the optimal wage contract ( * ( ), * ( )), and the optimal wage * ( ) with different parameter 1 and 2 . Figure 1 indicates that with the increase of the employee's ability, the employee's effort level increases, the fixed wage decreases, and the bonus coefficient and the wage paid by the employer increase. Furthermore, if parameter 1 becomes larger, that is, the contribution of the employee's effort level to the productivity becomes greater, the employee pays more effort, the fixed wage becomes lower, and the bonus coefficient and the wage get higher. Figure 2 shows that the optimal contract has the same monotonicity with Figure 1 . In addition, Figure 2 also shows that if the parameter 2 becomes larger, that is, the contribution of the employee's ability to the productivity becomes greater, the optimal effort level and the optimal bonus coefficient become smaller, and there exists a threshold for ability in which the fixed wage becomes higher when the ability of the employee is below it, and when the ability of the employee exceeds it the fixed wage becomes lower; in this case, the purpose of the employer is to motivate the employee to devote more efforts. Accordingly, with the increase of parameter 2 , there exists another threshold below which the total wage is lower; when the ability of the employee exceeds it, the total wage is higher; this ensures that the employee with higher ability gets higher wages.
Conclusion
This paper presents an uncertain wage contract model under adverse selection and hazard moral, in which the ability of the employee is unknown to the employer and is denoted by an uncertain variable, the effort level of the employee is unobservable to the employer, and the employee can select an effort level to maximize her utility. The purpose of the model is to maximize the employer's profit. To obtain the optimal solution, the equivalent model of the uncertain wage contract model is proposed. Applying the variational method, we get the optimal solution. In the end, a numerical example is given to verify the effectiveness of the established model. The result shows that the employer's effort and the wage are increasing with the employee's ability.
